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Abstract
In this article, we calculate the contributions of the vacuum condensates up to dimension-
10 in the operator product expansion, and study the JPC = 0++, 1+−, 2++ D∗D¯∗, D∗s D¯
∗
s ,
B∗B¯∗, B∗s B¯
∗
s molecular states with the QCD sum rules. In calculations, we use the formula
µ =
√
M2X/Y/Z − (2MQ)
2 to determine the energy scales of the QCD spectral densities. The
numerical results favor assigning the Zc(4020) and Zc(4025) as the J
PC = 0++, 1+− or
2++ D∗D¯∗ molecular states, the Y (4140) as the JPC = 0++ D∗sD
∗
s molecular state, the
Zb(10650) as the J
PC = 1+− B∗B¯∗ molecular state, and disfavor assigning the Y (3940)
as the (JPC = 0++) molecular state. The present predictions can be confronted with the
experimental data in the futures.
PACS number: 12.39.Mk, 12.38.Lg
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1 Introduction
In 2004, the Belle collaboration observed the near-threshold enhancement Y (3940) in the ωJ/ψ
mass spectrum in the exclusiveB → KωJ/ψ decays [1]. In 2007, the BaBar collaboration confirmed
the Y (3940) in the exclusive B → KωJ/ψ decays [2]. In 2010, the Belle collaboration confirmed
the Y (3940) in the process γγ → ωJ/ψ [3]. Now the X(3915) (Y (3940)) is listed in the Review of
Particle Physics as the χc0(2P) state with the quantum numbers J
PC = 0++ [4].
In 2009, the CDF collaboration observed the narrow structure Y (4140) near the J/ψφ threshold
in the exclusive B+ → J/ψφK+ decays [5]. Latter, the Belle collaboration searched for the Y (4140)
in the process γγ → φJ/ψ and observed no evidence [6]. In 2012, the LHCb collaboration searched
for the Y (4140) state in B+ → J/ψφK+ decays, and observed no evidence [7]. In 2013, the CMS
collaboration observed a peaking structure consistent with the Y (4140) in the J/ψφ mass spectrum
in the B± → J/ψφK± decays, and fitted the structure to a S-wave relativistic Breit-Wigner line-
shape with the statistical significance exceeding 5σ [8]. Also in 2013, the D0 collaboration observed
the Y (4140) in the B+ → J/ψφK+ decays with the statistical significance of 3.1σ [9]. However,
there is no suitable position in the c¯c spectroscopy for the Y (4140).
The Y (3940) and Y (4140) appear near the D∗D¯∗ and D∗sD¯
∗
s thresholds respectively, and have
analogous decays,
Y (3940) → J/ψ ϕ ,
Y (4140) → J/ψ φ . (1)
It is natural to relate the Y (3940) and Y (4140) with the D∗D¯∗ and D∗sD¯
∗
s molecular states,
respectively [10, 11, 12, 13]. Other assignments, such as the hybrid charmonium states [11, 14] and
tetraquark states [15] also suggested.
In 2011, the Belle collaboration observed the Zb(10610) and Zb(10650) in the π
±Υ(1, 2, 3S) and
π±hb(1, 2P) invariant mass distributions in the Υ(5S) → π+π−Υ(1, 2, 3S), π+π−hb(1, 2P) decays
[16]. The quantum numbers IG(JP ) = 1+(1+) are favored [16]. Later, the Belle collaboration
updated the measured parameters MZb(10610) = (10607.2 ± 2.0)MeV, MZb(10650) = (10652.2 ±
1.5)MeV, ΓZb(10610) = (18.4 ± 2.4)MeV and ΓZb(10650) = (11.5 ± 2.2)MeV [17]. In 2013, the
Belle collaboration observed the Z0b (10610) in a Dalitz analysis of the decays to Υ(2, 3S)π
0 in the
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Υ(5S) → Υ(1, 2, 3S)π0π0 decays [18]. The Zb(10610) and Zb(10650) appear near the BB¯∗ and
B∗B¯∗ thresholds, respectively. It is natural to relate the Zb(10610) and Zb(10650) with the BB¯
∗
and B∗B¯∗ molecular states, respectively [19, 20]. Other assignments, such as the tetraquark states
[21, 22, 23], threshold cusps [24], the re-scattering effects [25], etc are also suggested.
In 2013, the BESIII collaboration observed the Z±c (4025) near the (D
∗D¯∗)± threshold in the
π∓ recoil mass spectrum in the process e+e− → (D∗D¯∗)±π∓ [26]. Furthermore, the BESIII
collaboration observed the Zc(4020) in the π
±hc mass spectrum in the process e
+e− → π+π−hc
[27]. The Zc(4020) and Zc(4025) appear near the D
∗D¯∗ threshold. It is natural to relate them
with the D∗D¯∗ molecular states [28, 29, 30, 31]. Other assignments, such as the re-scattering
effects [32], tetraquark states [33, 34], etc are also suggested.
The Zc(4020), Zc(4025), Zb(10610), Zb(10650) appear near the D
∗D¯∗, D∗D¯∗, BB¯∗, B∗B¯∗
thresholds respectively, and have analogous decays
Z±c (4020) → π± hc ,
Z±c (4025) → (D∗D¯∗)± ,
Z±b (10610) → π±Υ(1, 2, 3S) , π±hb(1, 2P) ,
Z±b (10650) → π±Υ(1, 2, 3S) , π±hb(1, 2P) . (2)
The S-wave D∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s systems have the quantum numbers J
PC = 0++, 1+−,
2++, the S-wave π±hQ systems have the quantum numbers J
PC = 1−−, the S-wave π±Υ systems
have the quantum numbers JPC = 1+−. It is also possible for the P -wave π±hQ systems to have
the quantum numbers JPC = 0++, 1+−, 2++.
In this article, we take the Y (3940), Zc(4020), Zc(4025) as the D
∗D¯∗ molecular states, the
Y (4140) as the D∗sD¯
∗
s molecular state, the Zb(10610) as the BB¯
∗ molecular state, the Zb(10650)
as the B∗B¯∗ molecular state, study the JPC = 0++, 1+−, 2++ molecular states consist of D∗D¯∗,
D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s with the QCD sum rules, and make tentative assignments of the Y (3940),
Y (4140), Zc(4020), Zc(4025) and Zb(10650) in the scenario of molecular states.
In Ref.[11], we study the scalarD∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s molecular states with the QCD sum
rules by carrying out the operator product expansion to the vacuum condensates up to dimension-10
and setting the energy scale to be µ = 1GeV. The predicted masses disfavor assigning the Y (4140)
as the scalar D∗sD¯
∗
s molecular state. In Ref.[12]([13]), R. M. Albuquerque et al (Zhang and Huang)
study the scalar D∗sD¯
∗
s molecular state with the QCD sum rules by carrying out the operator
product expansion to the vacuum condensates up to dimension-8 (6), and their predictions favor
assigning the Y (4140) as the JP = 0+ molecular state, but they do not show or do not specify the
energy scales of the QCD spectral densities. In Refs.[22, 29], Cui, Liu and Huang study the axial-
vector B∗B¯∗ (D∗D¯∗) molecular state with the QCD sum rules by carrying out the operator product
expansion to the vacuum condensates up to dimension-6, and their predictions favor assigning the
Zb(10650) (Zc(4025)) as the axial-vector B
∗B¯∗ (D∗D¯∗) molecular state, but they do not show or
do not specify the energy scales of the QCD spectral densities. Furthermore, in Refs.[12, 13, 22, 29],
some higher dimension vacuum condensates involving the gluon condensate, mixed condensate and
four-quark condensate are neglected, which impairs the predictive ability, as the higher dimension
vacuum condensates play an important role in determining the Borel windows.
In this article, we study the JPC = 0++, 1+−, 2++ molecular states consist of D∗D¯∗, D∗sD¯
∗
s ,
B∗B¯∗, B∗s B¯
∗
s with the QCD sum rules according to the routine in our previous works [20, 23, 34, 35].
In Refs.[23, 34, 35], we focus on the scenario of tetraquark states, calculate the vacuum conden-
sates up to dimension-10 in the operator product expansion, study the diquark-antidiquark type
scalar, vector, axial-vector, tensor hidden charmed tetraquark states and axial-vector hidden bot-
tom tetraquark states systematically with the QCD sum rules, and make reasonable assignments
of the X(3872), Zc(3900), Zc(3885), Zc(4020), Zc(4025), Z(4050), Z(4250), Y (4360), Y (4630),
Y (4660), Zb(10610) and Zb(10650). In Ref.[20], we focus on the scenario of molecular states, cal-
culate the vacuum condensates up to dimension-10 in the operator product expansion, study the
axial-vector hadronic molecular states with the QCD sum rules, and make tentative assignments
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of the X(3872), Zc(3900), Zb(10610). The interested reader can consult Ref.[36] for more articles
on the exotic X , Y and Z particles. A hadron cannot be identified unambiguously by the mass
alone. It is interesting to explore possible assignments in the scenario of molecular states.
In Refs.[20, 23, 34, 35], we explore the energy scale dependence of the hidden charmed (bottom)
tetraquark states and molecular states in details for the first time, and suggest a formula
µ =
√
M2X/Y/Z − (2MQ)2 , (3)
with the effective masses MQ to determine the energy scales of the QCD spectral densities in the
QCD sum rules, which works very well.
In this article, we calculate the contributions of the vacuum condensates up to dimension-10 in
a consistent way, study the JPC = 0++, 1+−, 2++ molecular states consist of D∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗,
B∗s B¯
∗
s in a systematic way, and make tentative assignments of the Y (3940), Y (4140), Zc(4020),
Zc(4025) and Zb(10650) based on the QCD sum rules.
The article is arranged as follows: we derive the QCD sum rules for the masses and pole
residues of the D∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s molecular states in section 2; in section 3, we present
the numerical results and discussions; section 4 is reserved for our conclusion.
2 QCD sum rules for the D∗D¯∗, D∗sD¯
∗
s, B
∗
B¯
∗, B∗sB¯
∗
s molecular
states
In the following, we write down the two-point correlation functions Πµναβ(p) and Π(p) in the QCD
sum rules,
Πµναβ(p) = i
∫
d4xeip·x〈0|T
{
ηµν(x)η
†
αβ(0)
}
|0〉 , (4)
Π(p) = i
∫
d4xeip·x〈0|T {η(x)η†(0)} |0〉 , (5)
η±u¯d;µν(x) =
u¯(x)γµQ(x)Q¯(x)γνd(x) ± u¯(x)γνQ(x)Q¯(x)γµd(x)√
2
,
η±s¯s;µν(x) =
s¯(x)γµQ(x)Q¯(x)γνs(x)± s¯(x)γνQ(x)Q¯(x)γµs(x)√
2
,
ηu¯d(x) = u¯(x)γµQ(x)Q¯(x)γ
µd(x) ,
ηs¯s(x) = s¯(x)γµQ(x)Q¯(x)γ
µs(x) , (6)
where ηµν(x) = η
±
u¯d;µν(x), η
±
s¯s;µν(x), η(x) = η
±
u¯d(x), η
±
s¯s(x), Q = c, b. Under charge conjugation
transform Ĉ, the currents η±µν(x) and η(x) have the following properties,
Ĉ η±µν(x) Ĉ
−1 = ± η±µν(x) |u↔d ,
Ĉ η(x) Ĉ−1 = η(x) |u↔d , (7)
thereafter we will smear the subscripts u¯d, s¯s and superscripts ± for simplicity. On the other
hand, the currents η±µν(x) and η(x) are of the type Vµ⊗Vν , where the Vµ denotes the two-quark
vector currents interpolating the conventional vector heavy mesons, so they have positive parity.
The currents η+µν(x) and η(x) have both positive charge conjugation and positive parity, therefore
couple potentially to the JPC = 2++ or 0++ states, while the currents η−µν(x) have negative charge
conjugation but positive parity, therefore couple potentially to the JPC = 1+− states. We construct
the color singlet-singlet type currents ηµν(x) and η(x) to study the D
∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s
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molecular states, and assume that the operators ηµν(x) and η(x) couple potentially to the bound
states, not to the scattering states. We can also construct the color octet-octet type currents η8µν(x)
and η8(x), which have the same quantum numbers JPC as their color singlet-singlet partners, to
study the D∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s molecular states,
η8±u¯d;µν(x) =
u¯(x)γµλ
aQ(x)Q¯(x)γνλ
ad(x) ± u¯(x)γνλaQ(x)Q¯(x)γµλad(x)√
2
,
η8±s¯s;µν(x) =
s¯(x)γµλ
aQ(x)Q¯(x)γνλ
as(x)± s¯(x)γνλaQ(x)Q¯(x)γµλas(x)√
2
,
η8u¯d(x) = u¯(x)γµλ
aQ(x)Q¯(x)γµλad(x) ,
η8s¯s(x) = s¯(x)γµλ
aQ(x)Q¯(x)γµλas(x) , (8)
where the λa is the Gell-Mann matrix. In Ref.[20], we observe that the color octet-octet type molec-
ular states have larger masses than that of the corresponding color singlet-singlet type molecular
states. So in this article, we prefer the color singlet-singlet type currents, which couple potentially
to the color singlet-singlet type molecular states have smaller masses. In Refs.[22, 29], Cui, Liu
and Huang take the currents jµ(x),
jµ(x) = ǫµναβ u¯(x)γ
νQ(x) iDα Q¯(x)γβd(x) , (9)
whereDα = ∂α−igsGα(x), to study the Zb(10650) and Zc(4025) as the B∗B¯∗ andD∗D¯∗ molecular
states respectively with JP = 1+. In Ref.[30], W. Chen et al take the current Jµ(x),
Jµ(x) = q¯(x)γ
αc(x)c¯(x)σαµγ5q(x)− q¯(x)σαµγ5c(x)c¯(x)γαq(x) , (10)
to study the Zc(4025) as the D
∗D¯∗ molecular state with JPC = 1+−. In this article, we use the
simple Vµ⊗Vν type currents to study the JPC = 0++, 1+−, 2++ molecular states in a systematic
way.
At the hadronic side, we can insert a complete set of intermediate hadronic states with the
same quantum numbers as the current operators ηµν(x) and η(x) into the correlation functions
Πµναβ(p) and Π(p) to obtain the hadronic representation [37, 38]. After isolating the ground state
contributions of the scalar, axial-vector and tensor molecular states, we get the following results,
ΠJ=2µναβ(p) = ΠJ=2(p)
(
g˜µαg˜νβ + g˜µβ g˜να
2
− g˜µν g˜αβ
3
)
+Πs(p) gµνgαβ ,
=
λ2Y/Z
M2Y/Z − p2
(
g˜µαg˜νβ + g˜µβ g˜να
2
− g˜µν g˜αβ
3
)
+ · · · , (11)
ΠJ=1µναβ(p) = ΠJ=1(p) (−g˜µαpνpβ − g˜νβpµpα + g˜µβpνpα + g˜ναpµpβ) + Πs(p) (gµαgνβ − gµβgνα) ,
=
λ2Y/Z
M2Y/Z − p2
(−g˜µαpνpβ − g˜νβpµpα + g˜µβpνpα + g˜ναpµpβ) + · · · , (12)
ΠJ=0(p) = ΠJ=0(p) =
λ2Y/Z
M2Y/Z − p2
+ · · · , (13)
where the notation g˜µν = gµν − pµpνp2 , the components Πs(p) are irrelevant in the present analysis
[39], and the pole residues λY/Z are defined by
〈0|η+µν(0)|Y/ZJ=2(p)〉 = λY/Z εµν ,
〈0|η−µν(0)|Y/ZJ=1(p)〉 = λY/Z (εµpν − ενpµ) ,
〈0|η(0)|Y/ZJ=0(p)〉 = λY/Z , (14)
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the εµν and εµ are the polarization vectors of the tensor and axial-vector molecular states respec-
tively with the following properties,∑
λ
ε∗αβ(λ, p)εµν(λ, p) =
g˜αµg˜βν + g˜αν g˜βµ
2
− g˜αβ g˜µν
3
,∑
λ
ε∗µ(λ, p)εν(λ, p) = −g˜µν . (15)
Here we add the superscripts and subscripts J = 2, 1, 0 to denote the total angular momen-
tum. In Ref.[31], K. P. Khemchandani et al take the current jµν(x) = c¯(x)γµu(x)d¯(x)γνc(x)
to interpolate the molecular states, and use the projectors P0 = g˜µν g˜αβ3 , P1 =
g˜µαg˜νβ−g˜µβ g˜να
2 ,
P2 = g˜µα g˜νβ+g˜µβ g˜να2 −
g˜µν g˜αβ
3 to separate the contributions of the J
P = 0+, 1+, 2+ molecular
states, respectively. The present treatment differs from that of Ref.[31], while the present currents
ηµν(x) differ from that of Refs.[22, 30].
In the following, we briefly outline the operator product expansion for the correlation functions
Πµναβ(p) and Π(p) in perturbative QCD. We contract the s and Q quark fields in the correlation
functions Πµναβ(p) and Π(p) with Wick theorem, and obtain the results:
Πµναβ(p) =
i
2
∫
d4xeip·x
{
Tr
[
γµS
ij
Q (x)γαS
ji(−x)
]
Tr
[
γνS
mn(x)γβS
nm
Q (−x)
]
+Tr
[
γνS
ij
Q (x)γβS
ji(−x)
]
Tr
[
γµS
mn(x)γαS
nm
Q (−x)
]
±Tr
[
γνS
ij
Q (x)γαS
ji(−x)
]
Tr
[
γµS
mn(x)γβS
nm
Q (−x)
]
±Tr
[
γµS
ij
Q (x)γβS
ji(−x)
]
Tr
[
γνS
mn(x)γαS
nm
Q (−x)
]}
, (16)
Π(p) = i
∫
d4xeip·xTr
[
γµS
ij
Q (x)γαS
ji(−x)
]
Tr
[
γµSmn(x)γαSnmQ (−x)
]
, (17)
where the ± correspond to ± charge conjugations respectively, the Sij(x) and SijQ (x) are the full
s and Q quark propagators respectively,
Sij(x) =
iδij 6x
2π2x4
− δijms
4π2x2
− δij〈s¯s〉
12
+
iδij 6xms〈s¯s〉
48
− δijx
2〈s¯gsσGs〉
192
+
iδijx
2 6xms〈s¯gsσGs〉
1152
− igsG
a
αβt
a
ij(6xσαβ + σαβ 6x)
32π2x2
− iδijx
2 6xg2s 〈s¯s〉2
7776
− δijx
4〈s¯s〉〈g2sGG〉
27648
− 1
8
〈s¯jσµνsi〉σµν
−1
4
〈s¯jγµsi〉γµ + · · · , (18)
SijQ (x) =
i
(2π)4
∫
d4ke−ik·x
{
δij
6k −mQ −
gsG
n
αβt
n
ij
4
σαβ(6k +mQ) + (6k +mQ)σαβ
(k2 −m2Q)2
+
gsDαG
n
βλt
n
ij(f
λβα + fλαβ)
3(k2 −m2Q)4
− g
2
s(t
atb)ijG
a
αβG
b
µν(f
αβµν + fαµβν + fαµνβ)
4(k2 −m2Q)5
+ · · ·
}
,
fλαβ = (6k +mQ)γλ(6k +mQ)γα(6k +mQ)γβ(6k +mQ) ,
fαβµν = (6k +mQ)γα(6k +mQ)γβ(6k +mQ)γµ(6k +mQ)γν(6k +mQ) , (19)
and tn = λ
n
2 , the λ
n is the Gell-Mann matrix, Dα = ∂α− igsGnαtn [38], then compute the integrals
both in the coordinate and momentum spaces, and obtain the correlation functions Πµναβ(p) and
Π(p) therefore the QCD spectral densities 2. In Eq.(18), we retain the terms 〈s¯jσµνsi〉 and 〈s¯jγµsi〉
2It is convenient to introduce the external fields χ¯, χ, Aaα and additional Lagrangian ∆L
∆L = s¯(x) (iγµ∂µ −ms)χ(x) + χ¯(x) (iγ
µ∂µ −ms) s(x) + gss¯(x)γ
µtas(x)Aaµ(x) + · · · ,
5
originate from the Fierz re-ordering of the 〈sis¯j〉 to absorb the gluons emitted from the heavy quark
lines to form 〈s¯jgsGaαβtamnσµνsi〉 and 〈s¯jγµsigsDνGaαβtamn〉 so as to extract the mixed condensate
and four-quark condensates 〈s¯gsσGs〉 and g2s〈s¯s〉2, respectively. The s-quark fields s(x), s¯(x) and
gluon field Gaµ(x) can be expanded in terms of the Taylor series of covariant derivatives,
s(x) =
∞∑
n=0
1
n!
xµ1xµ2 · · ·xµn Dµ1Dµ2 · · ·Dµn s(0) ,
s¯(x) =
∞∑
n=0
1
n!
xµ1xµ2 · · ·xµn s¯(0)D†µ1D†µ2 · · ·D†µn ,
Gaµ(x) =
∞∑
n=0
1
n!(n+ 2)
xρxµ1xµ2 · · ·xµn Dµ1Dµ2 · · ·Dµn Gaρµ(0) . (20)
The bilinear fields sα(x)s¯β(0) can be re-arranged into the following form in the Dirac spinor space,
sα(x)s¯β(0) = −1
4
δαβ s¯(0)s(x) − 1
4
(γµ)αβ s¯(0)γµs(x) − 1
8
(σµν )αβ s¯(0)σµνs(x)
+
1
4
(γµγ5)αβ s¯(0)γµγ5s(x) +
1
4
(iγ5)αβ s¯(0)iγ5s(x) . (21)
The vacuum condensates 〈s¯gsσGs〉, g2s〈s¯s〉2 and 〈s¯s〉〈g2sGG〉 in the full s-quark propagator origi-
nate from the vacuum expectations of the operators s¯(0)σµνDαDβs(0), s¯(0)γµDαDβDλs(0) and
s¯(0)DαDβDλDτs(0), respectively. We take into account the formulas [Dα, Dβ] = −igsGαβ and
in carrying out the operator product expansion [38, 40]. We expand the heavy and light quark propagators SQij and
Sij in terms of the external fields χ¯, χ and A
a
α,
S
Q
ij (x, χ¯, χ,A
a
α) =
i
(2pi)4
∫
d4ke−ik·x
{
δij
6k −mQ
−
gsA
a
αβt
a
ij
4
σαβ(6k +mQ) + (6k +mQ)σ
αβ
(k2 −m2Q)
2
+ · · ·
}
,
Sij
(
x, χ¯, χ,Aaµ
)
=
iδij 6x
2pi2x4
+ χi(x)χ¯j(0) −
igsA
a
αβt
a
ij
(
6xσαβ + σαβ 6x
)
32pi2x2
+ · · · ,
where Aaαβ = ∂αA
a
β − ∂βA
a
α + gsf
abcAbαA
c
β . Then the correlation functions Π(p) can be written as
Π(p) =
∞∑
n=0
Cn(p, µ) On (χ¯, χ,A
a
α, µ) ,
in the external fields χ¯, χ and Aaα, where the Cn(p, µ) are the Wilson’s coefficients, the On (χ¯, χ,A
a
α, µ) are operators
characterized by their dimensions n. We choose the energy scale µ≫ ΛQCD , the Wilson coefficients Cn(p
2, µ) depend
only on short-distance dynamics, and the perturbative calculations make sense. If we neglect the perturbative
(or radiative) corrections, the operators On (χ¯, χ,Aaα, µ) can also be counted by the orders of the fine constant
αs(µ) =
g2s(µ)
4pi
, O
(
αks
)
, with k = 0, 1
2
, 1, 3
2
, etc. In this article, we take the truncations n ≤ 10 and k ≤ 1, and
factorize the higher dimensional operators into non-factorizable low dimensional operators with the same quantum
numbers of the vacuum. Taking the following replacements
On (χ¯, χ,A
a
α, µ) → 〈On (s¯, s,G
a
α, µ)〉 ,
we obtain the correlation functions at the level of quark-gluon degrees of freedom. For example,
χi(x)χ¯j(0) = −
δijχ¯(0)χ(0)
12
−
δijx
2χ¯(0)gsσA(0)χ(0)
192
+ · · · → −
δij〈s¯s〉
12
−
δijx
2〈s¯gsσGs〉
192
+ · · · .
For simplicity, we often take the following replacements,
S
Q
ij (x, χ¯, χ,A
a
α) → S
Q
ij (x, s¯, s,G
a
α) ,
Sij (x, χ¯, χ,A
a
α) → Sij (x, s¯, s,G
a
α) ,
On (χ¯, χ,A
a
α) → 〈On (s¯, s,G
a
α)〉 ,
directly in calculations by neglecting some intermediate steps, and resort to the routine taken in this article.
6
DαGaαµ = −gs
(
u¯γµt
au+ d¯γµt
ad+ s¯γµt
as
)
, then the terms with n > 4 in the Taylor expansion
of the s(x) and s¯(x) are of the order O(αks ) with k > 1, and have no contribution in the present
truncation. The operators gsG
n
αβ , gsDαG
n
βλ and g
2
sG
a
αβG
b
µν in the full Q-quark propagator are of
the order O(αks ) with k = 12 , 1 and 1, respectively. The terms with n > 1 in the Taylor expansion
of the Gaµ(x) are of the order O(αks ) with k > 1, and have no contribution in the present trunca-
tion. In this article, we take the truncation O(αks ) with k ≤ 1, the operators therefore the vacuum
condensates have the dimensions less than or equal 10.
Once the analytical expressions are obtained, we can take the quark-hadron duality below the
continuum thresholds s0 and perform Borel transform with respect to the variable P
2 = −p2 to
obtain the following QCD sum rules:
λ2Y/Z exp
(
−
M2Y/Z
T 2
)
=
∫ s0
4m2
Q
ds ρ(s) exp
(
− s
T 2
)
, (22)
where
ρ(s) = ρ0(s) + ρ3(s) + ρ4(s) + ρ5(s) + ρ6(s) + ρ7(s) + ρ8(s) + ρ10(s) , (23)
ρJ=20 (s) =
1
20480π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)3 (s−m2Q)2 (293s2 − 190sm2Q + 17m4Q)
+
3
20480π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)2 (s−m2Q)4
+
3msmQ
512π6
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (s−m2Q)2 (4s−m2Q) , (24)
ρJ=23 (s) = −
3mQ〈s¯s〉
64π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2Q) (3s−m2Q)
+
3ms〈s¯s〉
640π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z) (115s2 − 112sm2Q + 17m4Q)
+
3ms〈s¯s〉
640π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
(
s−m2Q
)2
−3msm
2
Q〈s¯s〉
16π4
∫ yf
yi
dy
∫ 1−y
zi
dz
(
s−m2Q
)
, (25)
ρJ=24 (s) = −
m2Q
15360π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)3{
56s− 17m2Q + 10s2δ
(
s−m2Q
)}
− m
2
Q
5120π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)2 (s−m2Q)
− 1
10240π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (185s2 − 208sm2Q + 43m4Q)
+
1
5120π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z) (s−m2Q)2 , (26)
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ρJ=25 (s) =
3mQ〈s¯gsσGs〉
128π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)
(
2s−m2Q
)
−ms〈s¯gsσGs〉
640π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
56s− 17m2Q + 10s2δ
(
s−m2Q
)}
−ms〈s¯gsσGs〉
640π4
∫ yf
yi
dy y(1− y) (s− m˜2Q)+ 3msm2Q〈s¯gsσGs〉64π4
∫ yf
yi
dy , (27)
ρJ=26 (s) =
m2Q〈s¯s〉2
8π2
∫ yf
yi
dy − msmQ〈s¯s〉
2
16π2
∫ yf
yi
dy
{
1 + sδ
(
s− m˜2Q
)}
+
g2s〈s¯s〉2
4320π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
56s− 17m2Q + 10m4Qδ
(
s−m2Q
)}
+
g2s〈s¯s〉2
4320π4
∫ yf
yi
dy y(1− y) (s− m˜2Q)
−g
2
s〈s¯s〉2
6480π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1 − y − z)
{
45
(
z
y
+
y
z
)(
2s−m2Q
)
+
(
z
y2
+
y
z2
)
m2Q
[
19 + 20m2Qδ
(
s−m2Q
)]
+ (y + z)
[
18
(
3s−m2Q
)
+ 10m4Qδ
(
s−m2Q
)]}
, (28)
ρJ=27 (s) =
m3Q〈s¯s〉
192π2T 2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1− y − z)m2Q δ
(
s−m2Q
)
−mQ〈s¯s〉
64π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z){1 +m2Qδ (s−m2Q)}
+
mQ〈s¯s〉
32π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
{
1 +
m2Q
3
δ
(
s−m2Q
)}
−mQ〈s¯s〉
384π2
〈αsGG
π
〉
∫ yf
yi
dy
{
1 + m˜2Q δ
(
s− m˜2Q
)}
, (29)
ρJ=28 (s) = −
m2Q〈s¯s〉〈s¯gsσGs〉
16π2
∫ 1
0
dy
(
1 +
m˜2Q
T 2
)
δ
(
s− m˜2Q
)
, (30)
ρJ=210 (s) =
m2Q〈s¯gsσGs〉2
128π2T 6
∫ 1
0
dy m˜4Q δ
(
s− m˜2Q
)
−m
4
Q〈s¯s〉2
144T 4
〈αsGG
π
〉
∫ 1
0
dy
{
1
y3
+
1
(1− y)3
}
δ
(
s− m˜2Q
)
+
m2Q〈s¯s〉2
48T 2
〈αsGG
π
〉
∫ 1
0
dy
{
1
y2
+
1
(1− y)2
}
δ
(
s− m˜2Q
)
+
〈s¯gsσGs〉2
5184π2T 2
∫ 1
0
dy m˜2Qδ
(
s− m˜2Q
)
+
m2Q〈s¯s〉2
144T 6
〈αsGG
π
〉
∫ 1
0
dy m˜4Q δ
(
s− m˜2Q
)
, (31)
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ρJ=10 (s) =
1
4096π6s
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1 − y − z)3 (s−m2Q)2 (49s2 − 30sm2Q +m4Q)
+
1
4096π6s
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)2 (s−m2Q)3 (3s+m2Q)
+
9msmQ
1024π6
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (s−m2Q)2 , (32)
ρJ=13 (s) = −
3mQ〈s¯s〉
64π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2Q)
+
ms〈s¯s〉
128π4s
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z) (55s2 − 48sm2Q + 3m4Q)
+
ms〈s¯s〉
128π4s
∫ yf
yi
dy
∫ 1−y
zi
dz yz
(
s−m2Q
) (
s+m2Q
)
, (33)
ρJ=14 (s) = −
m2Q
3072π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)3{
8s−m2Q +
5m4Q
3
δ
(
s−m2Q
)}
− m
2
Q
3072π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)2m2Q
− 1
6144π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (5s2 − 3m4Q)
+
1
3072π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z) (s2 −m4Q) , (34)
ρJ=15 (s) =
3mQ〈s¯gsσGs〉
256π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)
−ms〈s¯gsσGs〉
128π4s
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
8s−m2Q +
5s2
3
δ
(
s−m2Q
)}
−ms〈s¯gsσGs〉
384π4s
∫ yf
yi
dy y(1− y) m˜2Q , (35)
ρJ=16 (s) = −
msmQ〈s¯s〉2
32π2
∫ 1
0
dy δ
(
s− m˜2Q
)
,
+
g2s〈s¯s〉2
864π4s
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
8s−m2Q +
5m4Q
3
δ
(
s−m2Q
)}
+
g2s〈s¯s〉2
2592π4s
∫ yf
yi
dy y(1− y) m˜2Q
−g
2
s〈s¯s〉2
864π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
3
(
z
y
+
y
z
)
+
(
z
y2
+
y
z2
)
m2Qδ
(
s−m2Q
)
+ (y + z)
[
8 + 2m2Qδ
(
s−m2Q
)]}
, (36)
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ρJ=17 (s) =
m3Q〈s¯s〉
384π2s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1− y − z)
(
1 +
s
T 2
)
δ
(
s−m2Q
)− mQ〈s¯s〉
128π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z)δ (s−m2Q)
−mQ〈s¯s〉
192π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz δ
(
s−m2Q
)
−mQ〈s¯s〉
768π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz δ
(
s−m2Q
)
, (37)
ρJ=00 (s) =
3
1024π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1 − y − z)3 (s−m2Q)2 (7s2 − 6sm2Q +m4Q)
+
3
1024π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)2 (s−m2Q)3 (3s−m2Q)
+
3msmQ
512π6
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (s−m2Q)2 (5s− 2m2Q) , (38)
ρJ=03 (s) = −
3mQ〈s¯s〉
32π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2Q) (2s−m2Q)
+
3ms〈s¯s〉
32π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z) (10s2 − 12sm2Q + 3m4Q)
+
3ms〈s¯s〉
32π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
(
s−m2Q
) (
2s−m2Q
)
−3msm
2
Q〈s¯s〉
8π4
∫ yf
yi
dy
(
s− m˜2Q
)
, (39)
ρJ=04 (s) = −
m2Q
256π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)3{
2s−m2Q +
m4Q
6
δ
(
s−m2Q
)}
− m
2
Q
512π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)2 (3s− 2m2Q)
− 1
512π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (10s2 − 12sm2Q + 3m4Q)
+
1
256π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z) (s−m2Q) (2s−m2Q) , (40)
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ρJ=05 (s) =
3mQ〈s¯gsσGs〉
128π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)
(
3s− 2m2Q
)
−3ms〈s¯gsσGs〉
32π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
2s−m2Q +
s
6
δ
(
s−m2Q
)}
−ms〈s¯gsσGs〉
64π4
∫ yf
yi
dy y(1− y) (3s− 2m2Q)
+
3msm
2
Q〈s¯gsσGs〉
32π4
∫ yf
yi
dy , (41)
ρJ=06 (s) =
m2Q〈s¯s〉2
4π2
∫ yf
yi
dy − msmQ〈s¯s〉
2
8π2
∫ yf
yi
dy
{
1 +
s
2
δ
(
s− m˜2Q
)}
+
g2s〈s¯s〉2
72π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
2s−m2Q +
m4Q
6
δ
(
s−m2Q
)}
+
g2s〈s¯s〉2
432π4
∫ yf
yi
dy y(1− y) (3s− 2m˜2Q)
−g
2
s〈s¯s〉2
432π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1 − y − z)
{
3
(
z
y
+
y
z
)(
3s− 2m2Q
)
+
(
z
y2
+
y
z2
)
m2Q
[
2 +m2Qδ
(
s−m2Q
)]
+ (y + z)
[
12
(
2s−m2Q
)
+ 2m4Qδ
(
s−m2Q
)]}
, (42)
ρJ=07 (s) =
m3Q〈s¯s〉
192π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1− y − z)(
1 +
s
T 2
)
δ
(
s−m2Q
)
−mQ〈s¯s〉
64π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z){2 +m2Qδ (s−m2Q)}
+
mQ〈s¯s〉
32π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
{
2 +m2Qδ
(
s−m2Q
)}
−mQ〈s¯s〉
384π2
〈αsGG
π
〉
∫ yf
yi
dy
{
2 + m˜2Q δ
(
s− m˜2Q
)}
, (43)
ρJ=08 (s) = −
m2Q〈s¯s〉〈s¯gsσGs〉
8π2
∫ 1
0
dy
(
1 +
m˜2Q
T 2
)
δ
(
s− m˜2Q
)
, (44)
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ρJ=010 (s) =
m2Q〈s¯gsσGs〉2
64π2T 6
∫ 1
0
dy m˜4Q δ
(
s− m˜2Q
)
−m
4
Q〈s¯s〉2
72T 4
〈αsGG
π
〉
∫ 1
0
dy
{
1
y3
+
1
(1− y)3
}
δ
(
s− m˜2Q
)
+
m2Q〈s¯s〉2
24T 2
〈αsGG
π
〉
∫ 1
0
dy
{
1
y2
+
1
(1− y)2
}
δ
(
s− m˜2Q
)
+
m2Q〈s¯gsσGs〉2
288π2T 2
∫ 1
0
dy
1
y(1− y)δ
(
s− m˜2Q
)
+
m2Q〈s¯s〉2
72T 6
〈αsGG
π
〉
∫ 1
0
dy m˜4Q δ
(
s− m˜2Q
)
, (45)
the subscripts 0, 3, 4, 5, 6, 7, 8, 10 denote the dimensions of the vacuum condensates, yf =
1+
√
1−4m2Q/s
2 , yi =
1−
√
1−4m2Q/s
2 , zi =
ym2Q
ys−m2
Q
, m2Q =
(y+z)m2Q
yz , m˜
2
Q =
m2Q
y(1−y) ,
∫ yf
yi
dy → ∫ 1
0
dy,∫ 1−y
zi
dz → ∫ 1−y0 dz when the δ functions δ (s−m2Q) and δ (s− m˜2Q) appear. In this article, we
carry out the operator product expansion to the vacuum condensates up to dimension-10, and as-
sume vacuum saturation for the higher dimensional vacuum condensates. The condensates 〈αspi GG〉,
〈s¯s〉〈αspi GG〉, 〈s¯s〉2〈αspi GG〉, 〈s¯gsσGs〉2 and g2s〈s¯s〉2 are the vacuum expectations of the operators
of the order O(αs). The four-quark condensate g2s〈q¯q〉2 comes from the terms 〈s¯γµtasgsDηGaλτ 〉,
〈s¯jD†µD†νD†αsi〉 and 〈s¯jDµDνDαsi〉, rather than comes from the perturbative corrections of 〈s¯s〉2.
The condensates 〈g3sGGG〉, 〈αsGGpi 〉2, 〈αsGGpi 〉〈s¯gsσGs〉 have the dimensions 6, 8, 9 respectively,
but they are the vacuum expectations of the operators of the order O(α3/2s ), O(α2s), O(α3/2s ) re-
spectively, and discarded. We take the truncations n ≤ 10 and k ≤ 1 in a consistent way, the
operators of the orders O(αks ) with k > 1 are discarded. Furthermore, the values of the conden-
sates 〈g3sGGG〉, 〈αsGGpi 〉2, 〈αsGGpi 〉〈s¯gsσGs〉 are very small, and they can be neglected safely. In
Refs.[20, 23, 34, 35], the same truncations are taken to study the hidden-charmed and hidden-
bottom tetraquark states and molecular states with the QCD sum rules, and to obtain the energy
scale formula, such truncations work well.
Differentiate Eq.(22) with respect to 1T 2 , then eliminate the pole residues λY/Z , we obtain the
QCD sum rules for the masses of the scalar, axial-vector and tensor D∗sD¯
∗
s and B
∗
s B¯
∗
s molecular
states,
M2Y/Z =
∫ s0
4m2
Q
ds dd(−1/T 2)ρ(s) exp
(− sT 2 )∫ s0
4m2
Q
dsρ(s) exp
(− sT 2 ) . (46)
We can obtain the QCD sum rules for the D∗D¯∗ and B∗B¯∗ molecular states with the simple
replacements,
ms → 0 ,
〈s¯s〉 → 〈q¯q〉 ,
〈s¯gsσGs〉 → 〈q¯gsσGq〉 . (47)
For the tetraquark and molecular states, it is more reasonable to refer to the λX/Y/Z as the
pole residues (not the decay constants). We cannot obtain the true values of the pole residues
λX/Y/Z by measuring the leptonic decays as in the cases of the Ds(D) and J/ψ(Υ), Ds(D)→ ℓν
and J/ψ(Υ)→ e+e−, and have to calculate the λX/Y/Z using some theoretical methods. It is hard
to obtain the true values. In this article, we focus on the masses to study the molecular states, and
the unknown contributions of the perturbative corrections to the pole residues in the numerator
12
and denominator are expected to be canceled out with each other efficiently, as we obtain the
hadronic masses MY/Z through a ratio, see Eq.(46). Neglecting perturbative O(αs) corrections
cannot impair the predictive ability qualitatively.
3 Numerical results and discussions
The vacuum condensates are taken to be the standard values 〈q¯q〉 = −(0.24± 0.01GeV)3, 〈s¯s〉 =
(0.8 ± 0.1)〈q¯q〉, 〈q¯gsσGq〉 = m20〈q¯q〉, 〈s¯gsσGs〉 = m20〈s¯s〉, m20 = (0.8 ± 0.1)GeV2, 〈αsGGpi 〉 =
(0.33GeV)4 at the energy scale µ = 1GeV [37, 38, 41]. The quark condensates and mixed
quark condensates evolve with the renormalization group equation, 〈q¯q〉(µ) = 〈q¯q〉(Q)
[
αs(Q)
αs(µ)
] 4
9
,
〈s¯s〉(µ) = 〈s¯s〉(Q)
[
αs(Q)
αs(µ)
] 4
9
, 〈q¯gsσGq〉(µ) = 〈q¯gsσGq〉(Q)
[
αs(Q)
αs(µ)
] 2
27
, 〈s¯gsσGs〉(µ) = 〈s¯gsσGs〉(Q)
[
αs(Q)
αs(µ)
] 2
27
.
In the article, we take the MS masses mc(mc) = (1.275 ± 0.025)GeV, mb(mb) = (4.18 ±
0.03)GeV and ms(µ = 2GeV) = (0.095 ± 0.005)GeV from the Particle Data Group [4], and
take into account the energy-scale dependence of the MS masses from the renormalization group
equation,
ms(µ) = ms(2GeV)
[
αs(µ)
αs(2GeV)
] 4
9
,
mc(µ) = mc(mc)
[
αs(µ)
αs(mc)
] 12
25
,
mb(µ) = mb(mb)
[
αs(µ)
αs(mb)
] 12
23
,
αs(µ) =
1
b0t
[
1− b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (48)
where t = log µ
2
Λ2 , b0 =
33−2nf
12pi , b1 =
153−19nf
24pi2 , b2 =
2857− 5033
9
nf+
325
27
n2f
128pi3 , Λ = 213MeV, 296MeV
and 339MeV for the flavors nf = 5, 4 and 3, respectively [4].
In the conventional QCD sum rules [37, 38], there are two criteria (pole dominance and con-
vergence of the operator product expansion) for choosing the Borel parameter T 2 and threshold
parameter s0. We impose the two criteria on the hidden charmed (or bottom) molecular states,
and search for the optimal values.
In Refs.[20, 23, 34, 35], we study the acceptable energy scales of the QCD spectral densities
in the QCD sum rules for the hidden charmed (bottom) tetraquark states and molecular states in
details for the first time, and suggest a formula µ =
√
M2X/Y/Z − (2MQ)2 to determine the energy
scales of the QCD spectral densities. The heavy tetraquark system QQ¯q′q¯ could be described
by a double-well potential with two light quarks q′q¯ lying in the two wells respectively. In the
heavy quark limit, the Q-quark can be taken as a static well potential, which binds the light
quark q′ to form a diquark in the color antitriplet channel or binds the light antiquark q¯ to form
a meson in the color singlet channel (or a meson-like state in the color octet channel). Then the
heavy tetraquark states are characterized by the effective heavy quark masses MQ (or constituent
quark masses) and the virtuality V =
√
M2X/Y/Z − (2MQ)2 (or bound energy not as robust). The
effective masses MQ, just like the mixed condensates, appear as parameters and their values are
fitted by the QCD sum rules. The effective massesMQ have uncertainties, the optimal values in the
diquark-antidiquark systems are not necessary the ideal values in the meson-meson systems. The
QCD sum rules have three typical energy scales µ2, T 2, V 2. It is natural to take the energy scale,
µ2 = V 2 = O(T 2). The effective masses Mc = 1.84GeV andMb = 5.14GeV are the optimal values
for the hadronic molecular states, and can reproduce the experimental data MX(3872) = 3.87GeV,
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MZc(3900) = 3.90GeV, MZb(10610) = 10.61GeV approximately [20]. In this article, we take the
effective masses Mc = 1.84GeV and Mb = 5.14GeV, and the predictions indicate that they
are also the optimal values to reproduce the experimental values of the masses of the Zc(4020),
Zc(4025), Y (4140) and Zb(10650).
The energy scale formula serves as additional constraints on choosing the Borel parameters
and threshold parameters, as the predicted masses should satisfy the formula. The optimal Borel
parameters and continuum threshold parameters therefore the pole contributions and energy scales
of the QCD spectral densities are shown explicitly in Table 1.
In Fig.1, the masses of the scalar D∗D¯∗ and D∗sD¯
∗
s molecular states are plotted with variations
of the Borel parameters T 2 and energy scales µ for the continuum threshold parameters s0
D∗D¯∗
=
20GeV2 and s0
D∗s D¯
∗
s
= 22GeV2, respectively. From the figure, we can see that the masses decrease
monotonously with increase of the energy scales, the energy scales µ = (1.5 − 1.6)GeV and µ =
(1.7− 1.9)GeV can reproduce the experimental values of the masses MZc(4025) (or MZc(4020)) and
MY (4140), respectively. The formula µ =
√
M2X/Y/Z − (2MQ)2 leads to the values µ = 1.6GeV and
µ = 1.8GeV for the scalar D∗D¯∗ and D∗sD¯
∗
s molecular states, respectively. The agreements are
excellent. The masses MY (3940) < MZc(4025), the energy scale of the QCD spectral density of the
Y (3940) should be smaller than that of the Zc(4025) according to the energy formula. From Fig.1,
we can see that the predicted mass is larger than 3.95GeV even for the energy scale µ = 1.8GeV,
and we cannot satisfy the relation
√
s0 ≈MY (3940) + 0.5GeV with reasonable MY (3940) compared
to the experimental data. Now the X(3915) is listed in the Review of Particle Physics as the
χc0(2P) state with J
PC = 0++ [4]. The present result supports the assignment of the Particle
Data Group. In Ref.[11], we study the scalar D∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s molecular states with
the QCD sum rules by carrying out the operator product expansion to the vacuum condensates
up to dimension-10 and setting the energy scale to be µ = 1GeV. The predicted masses are about
(250 − 500)MeV above the corresponding D∗D¯∗, D∗sD¯∗s , B∗B¯∗ and B∗s B¯∗s thresholds. If larger
energy scales are taken, the conclusion should be modified.
In Figs.2-3, the contributions of different terms in the operator product expansion are plotted
with variations of the Borel parameters T 2 for the energy scales and central values of the threshold
parameters shown in Table 1. The contributions of the condensates do not decrease monotonously
with increase of dimensions. However, in the Borel windows shown in Table 1, the D4, D7, D10
play a less important role, D3 ≫ |D5| ≫ D6 ≫ |D8| for the J = 2 molecular states and J = 0
D∗sD¯
∗
s molecular state, D3 ≫ |D5| ≫ D6 for the J = 1 molecular states, D3 ≫ |D5| ∼ D6 ≫ |D8|
for the J = 0 D∗D¯∗ and B∗s B¯
∗
s molecular states, D3 > D6 > |D5| ∼ |D8| for the J = 0 B∗B¯∗
molecular state, the D6, D8, D10 decrease monotonously and quickly with increase of the Borel
parameters for the J = 0, 2 molecular states, where the Di with i = 0, 3, 4, 5, 6, 7, 8, 10 denote
the contributions of the vacuum condensates of dimensions D = i, and the total contributions are
normalized to be 1. The convergence of the operator product expansion does not mean that the
perturbative terms make dominant contributions, as the continuum hadronic spectral densities are
approximated by ρQCD(s)Θ(s − s0) in the QCD sum rules for the heavy molecular states, where
the ρQCD(s) denotes the full QCD spectral densities; the contributions of the quark condensates
〈q¯q〉 and 〈s¯s〉 (of dimension-3) can be very large. In summary, the two criteria (pole dominance
and convergence of the operator product expansion) of the QCD sum rules are fully satisfied, so
we expect to make reasonable predictions.
We take into account all uncertainties of the input parameters, and obtain the values of the
masses and pole residues of the scalar, axial-vector and tensor molecular states, which are shown
explicitly in Figs.4-5 and Table 1.
The uncertainties of the effective masses MQ and energy scales µ have the correlation,
4MQδMQ = −µδµ . (49)
If we take the uncertainty δµ = 0.3GeV, the induced uncertainties are δMc ≈ 0.07GeV, δMb ≈
0.04GeV, δMY/Zb ≈ 100MeV, δMY/Zc ≈ 50MeV, δMY/Z/MY/Z ≈ 1%, δλY/Zc/λY/Zc ≈ 10% and
JPC µ(GeV) T 2(GeV2) s0(GeV
2) pole MY/Z(GeV) λY/Z(GeV
5(4))
0++ (cc¯ud¯) 1.6 2.5− 2.9 20± 1 (43− 68)% 4.01+0.09−0.09 3.97+0.67−0.60 × 10−2
1+− (cc¯ud¯) 1.7 2.8− 3.2 20± 1 (45− 68)% 4.04+0.07−0.08 6.37+0.96−0.89 × 10−3
2++ (cc¯ud¯) 1.6 2.6− 3.0 20± 1 (45− 69)% 4.01+0.10−0.08 3.05+0.47−0.44 × 10−2
0++ (cc¯ss¯) 1.8 2.8− 3.2 22± 1 (46− 69)% 4.14+0.08−0.08 5.75+0.96−0.85 × 10−2
1+− (cc¯ss¯) 1.9 3.2− 3.6 22± 1 (48− 68)% 4.16+0.05−0.04 8.80+0.60−0.57 × 10−3
2++ (cc¯ss¯) 1.8 3.0− 3.4 22± 1 (47− 68)% 4.13+0.08−0.08 4.34+0.67−0.60 × 10−2
0++ (bb¯ud¯) 2.8 6.8− 7.8 124± 2 (44− 65)% 10.65+0.15−0.09 2.07+0.45−0.32 × 10−1
1+− (bb¯ud¯) 2.9 7.0− 8.0 124± 2 (45− 65)% 10.67+0.09−0.08 1.34+0.20−0.18 × 10−2
2++ (bb¯ud¯) 2.8 7.2− 8.2 124± 2 (44− 64)% 10.66+0.14−0.09 1.67+0.31−0.23 × 10−1
0++ (bb¯ss¯) 2.9 7.0− 8.0 126± 2 (45− 66)% 10.70+0.11−0.08 2.49+0.41−0.35 × 10−1
1+− (bb¯ss¯) 3.0 7.2− 8.2 126± 2 (47− 66)% 10.73+0.09−0.07 1.63+0.23−0.21 × 10−2
2++ (bb¯ss¯) 3.0 7.8− 8.8 128± 2 (48− 66)% 10.71+0.08−0.08 2.31+0.31−0.27 × 10−1
Table 1: The Borel parameters, continuum threshold parameters, pole contributions, energy
scales, masses and pole residues of the scalar, axial-vector and tensor molecular states. The
symbolic quark constituents are shown in the bracket.
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Figure 1: The masses with variations of the Borel parameters T 2 and energy scales µ, where the
horizontal lines denote the experimental values of the masses of the Zc(4025), Y (3940) and Y (4140),
respectively, the (I) and (II) denote the scalar D∗D¯∗ and D∗sD¯
∗
s molecular states, respectively.
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Figure 2: The contributions of different terms in the operator product expansion with variations
of the Borel parameters T 2, where the 0, 3, 4, 5, 6, 7, 8, 10 denotes the dimensions of the vacuum
condensates, the J = 0, 1, 2 denote the angular momentum of the molecular states, the (I) and (II)
denote the D∗D¯∗ and D∗sD¯
∗
s molecular states, respectively.
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Figure 3: The contributions of different terms in the operator product expansion with variations
of the Borel parameters T 2, where the 0, 3, 4, 5, 6, 7, 8, 10 denotes the dimensions of the vacuum
condensates, the J = 0, 1, 2 denote the angular momentum of the molecular states, the (I) and (II)
denote the B∗B¯∗ and B∗s B¯
∗
s molecular states, respectively.
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Figure 4: The masses with variations of the Borel parameters T 2, where the horizontal lines
denote the experimental values of the masses of the Zc(4025), Y (3940) and Y (4140), the J = 0, 1, 2
denote the angular momentum of the molecular states, the (I) and (II) denote the D∗D¯∗ and D∗sD¯
∗
s
molecular states, respectively. The D = 8 and D = 6 denote the vacuum condensates are taken
into account up to dimensions 8 and 6, respectively.
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Figure 5: The masses with variations of the Borel parameters T 2, where the horizontal lines
denote the experimental value of the mass of the Zb(10650), the J = 0, 1, 2 denote the angular
momentum of the molecular states, the (I) and (II) denote the B∗B¯∗ and B∗s B¯
∗
s molecular states,
respectively. The D = 8 and D = 6 denote the vacuum condensates are taken into account up to
dimensions 8 and 6, respectively.
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JPC µ(GeV) δMQ(GeV) δMY/Z(GeV) δλY/Z/λY/Z
0++ (cc¯ud¯) 1.6± 0.3 ±0.07 +0.07−0.05 +9%−12%
1+− (cc¯ud¯) 1.7± 0.3 ±0.07 +0.06−0.05 +9%−12%
2++ (cc¯ud¯) 1.6± 0.3 ±0.07 +0.08−0.05 +8%−11%
0++ (cc¯ss¯) 1.8± 0.3 ±0.07 +0.05−0.03 +7%−9%
1+− (cc¯ss¯) 1.9± 0.3 ±0.08 +0.05−0.03 +6%−9%
2++ (cc¯ss¯) 1.8± 0.3 ±0.07 +0.05−0.03 +6%−8%
0++ (bb¯ud¯) 2.8± 0.3 ±0.04 +0.14−0.10 +18%−19%
1+− (bb¯ud¯) 2.9± 0.3 ±0.04 +0.12−0.10 +19%−20%
2++ (bb¯ud¯) 2.8± 0.3 ±0.04 +0.13−0.11 +17%−19%
0++ (bb¯ss¯) 2.9± 0.3 ±0.04 +0.12−0.10 +16%−18%
1+− (bb¯ss¯) 3.0± 0.3 ±0.04 +0.11−0.09 +18%−19%
2++ (bb¯ss¯) 3.0± 0.3 ±0.04 +0.11−0.08 +15%−16%
Table 2: The uncertainties originate from the uncertainty of the energy scale δµ = 0.3GeV.
δλY/Zb/λY/Zb ≈ 20%, see Table 2. The uncertainties δMY/Z/MY/Z ≪ δλY/Z/λY/Z , we obtain the
hadronic masses MY/Z through a ratio, see Eq.(46), the energy scale dependence of the hadronic
masses MY/Z originate from the numerator and denominator are canceled out with each other
efficiently, the predicted masses are robust. On the other hand, if we take the uncertainties of
the experimental values of the masses of the Zc(4020), Zc(4025), Y (4140), Zb(10650) as the input
parameters [5, 17, 26, 27], the allowed uncertainties are |δµ| ≪ 0.1GeV, δMc ≪ 0.03GeV, δMb ≪
0.02GeV. In Refs.[12, 13, 22, 31], the authors study the D∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗ molecular states by
choosing theMS masses mQ(mQ) and the vacuum condensates 〈q¯q〉µ=1GeV, 〈q¯gsσGq〉µ=1GeV, etc.
In this article, we calculate the QCD spectral densities at a special energy scale µ consistently, the
energy scales µ are determined by the parametersMQ, which have very small allowed uncertainties.
The correlation functions Π(p) can be written as
Π(p) =
∫ s0
4m2
Q
(µ)
ds
ρQCD(s, µ)
s− p2 +
∫ ∞
s0
ds
ρQCD(s, µ)
s− p2 , (50)
through dispersion relation at the QCD side, and they are scale independent,
d
dµ
Π(p) = 0 , (51)
which does not mean
d
dµ
∫ s0
4m2
Q
(µ)
ds
ρQCD(s, µ)
s− p2 → 0 , (52)
due to the following two reasons inherited from the QCD sum rules:
• Perturbative corrections are neglected, the higher dimensional vacuum condensates are factorized
into lower dimensional ones therefore the energy scale dependence of the higher dimensional vacuum
condensates is modified;
• Truncations s0 set in, the correlation between the threshold 4m2Q(µ) and continuum threshold
s0 is unknown, the quark-hadron duality is an assumption.
We cannot obtain energy scale independent QCD sum rules, but we have an energy scale formula
to determine the energy scales consistently.
The present predictions MJ=2
D∗D¯∗
=
(
4.01+0.10−0.08
)
GeV, MJ=1
D∗D¯∗
=
(
4.04+0.07−0.08
)
GeV, MJ=0
D∗D¯∗
=(
4.01+0.09−0.09
)
GeV are consistent with the experimental valuesMZc(4025) = (4026.3±2.6±3.7)MeV,
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MZc(4020) = (4022.9± 0.8± 2.7)MeV from the BESIII collaboration [26, 27]. More experimental
data on the spin and parity are still needed to identify the Zc(4020) and Zc(4025) unambiguously.
In Ref.[31], K. P. Khemchandani et al carry out the operator product expansion up to dimension-
6 and obtain the values MJ=2
D∗D¯∗
= (3946± 104) MeV, MJ=1
D∗D¯∗
= (3950± 105) MeV, MJ=0
D∗D¯∗
=
(3943± 104) MeV. The central values are smaller than ours about 50MeV. In calculations, we
observe that the vacuum condensates of dimensions 7, 8, 10 play an important role in determining
the Borel windows, and warrant platforms for the masses and pole residues. The conclusion
survives in the QCD sum rules for the tetraquark states and molecular states consist of two heavy
quarks and two light quarks. There appear terms of the orders O ( 1T 2 ), O ( 1T 4 ), O ( 1T 6 ) in the
QCD spectral densities, if we take into account the vacuum condensates whose dimensions are
larger than 6 [20, 23, 34, 35]. The terms associate with 1T 2 ,
1
T 4 ,
1
T 6 in the QCD spectral densities
manifest themselves at small values of the Borel parameter T 2, we have to choose large values of
the T 2 to warrant convergence of the operator product expansion and appearance of the Borel
platforms. In the Borel windows, the higher dimension vacuum condensates play a less important
role. In summary, the higher dimension vacuum condensates play an important role in determining
the Borel windows therefore the ground state masses and pole residues, so we should take them
into account consistently. In Fig.4-5, we also plot the masses by taking into account the vacuum
condensates up to dimension 6 and 8, respectively. From the figures, we can see that neglecting
the vacuum condensates of the dimensions 7, 8, 10 cannot lead to platforms flat enough so as to
extract robust values.
The present predictions MJ=2
D∗s D¯
∗
s
=
(
4.13+0.08−0.08
)
GeV, MJ=1
D∗s D¯
∗
s
=
(
4.16+0.05−0.04
)
GeV, MJ=0
D∗s D¯
∗
s
=(
4.14+0.08−0.08
)
GeV are consistent with the experimental value MY (4140) = (4143.0± 2.9± 1.2)MeV
from the CDF collaboration [5]. The CMS collaboration fitted the peaking structure in the J/ψφ
mass spectrum to a S-wave relativistic Breit-Wigner line-shape with a statistical significance ex-
ceeding 5σ [8]. We can tentatively assign the Y (4140) as the scalar D∗sD¯
∗
s molecular state, while
there lack experimental candidates for the axial-vector and tensor D∗sD¯
∗
s molecular states. We
can search for the axial-vector and tensor D∗sD¯
∗
s molecular states in the J/ψφ mass spectrum and
measure the angular correlation to determine the spin and parity.
The present predictions MJ=2
B∗B¯∗
=
(
10.66+0.14−0.09
)
GeV, MJ=1
B∗B¯∗
=
(
10.67+0.09−0.08
)
GeV, MJ=0
B∗B¯∗
=(
10.65+0.15−0.09
)
GeV are consistent with the experimental value MZb(10650) = (10652.2 ± 1.5)MeV
from the Belle collaboration [17], while the Belle data favors the JPC = 1+− assignment. We
can tentatively assign the Zb(10650) as the axial-vector B
∗B¯∗ molecular state, while there lack
experimental candidates for the scalar and tensor B∗B¯∗ molecular states. We can search for
the scalar and tensor B∗B¯∗ molecular states in the Υϕ mass spectrum and measure the angular
correlations to determine the spin and parity.
There also lack experimental candidates for the B∗s B¯
∗
s molecular states, we can search for them
in the Υφ mass spectrum and measure the angular correlations to determine the spin and parity.
In Refs.[23, 34], we resort to the same routine to study the heavy tetraquark states, the pre-
dicted masses favor assigning the Zc(4020) and Zc(4025) as the 1
+− or 2++ tetraquark states, the
Zb(10650) as the 1
+− tetraquark state. A hadron cannot be identified unambiguously by the mass
alone [22], so it is interesting to explore possible assignments in the scenario of molecular states.
The predicted masses of the heavy molecular states also favor assigning the Zc(4020) and Zc(4025)
as the 1+− or 2++ molecular states, the Zb(10650) as the 1
+− molecular state. The Zc(4020),
Zc(4025), Zb(10650) maybe have both tetraquark and molecule components, which should be in-
terpolated by the tetraquark-type currents and molecule-type currents, respectively. In the present
work and Refs.[20, 23, 34, 35], we obtain the pole residues (or the current-hadron coupling con-
stants), which can be taken as basic input parameters to study the strong decays of the heavy
tetraquark states or molecular states with the three-point QCD sum rules. Then we obtain more
knowledge to identify the Zc(4020), Zc(4025), Zb(10650). In the scenario of meta-stable Fesh-
bach resonances, the Zc(4025) and Zb(10650) are taken as the hc(2P)π −D∗D¯∗ and χb1ρ−B∗B¯∗
hadrocharmonium-molecule mixed states, respectively, where the χb1ρ is a P-wave system [42].
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The hadrocharmonium system admits bound states giving rise to a discrete spectrum of levels, a
resonance occurs if one of such levels falls close to some open-charm (open-bottom) threshold, as
the coupling between channels leads to an attractive interaction and favors the formation of a meta-
stable Feshbach resonance. We can borrow some ideas from the meta-stable Feshbach resonances,
the couplings between the tetraquark states and molecular states leads to an attractive interaction
and favors the formation of the Zc(4020), Zc(4025), Zb(10650), as they couple potentially both to
the tetraquark type and molecule type currents.
4 Conclusion
In this article, we calculate the contributions of the vacuum condensates up to dimension-10 and
discard the perturbative corrections in the operator product expansion, and study the JPC = 0++,
1+− and 2++ D∗D¯∗, D∗sD¯
∗
s , B
∗B¯∗, B∗s B¯
∗
s molecular states in details with the QCD sum rules.
In calculations, we use the formula µ =
√
M2X/Y/Z − (2MQ)2 suggested in our previous work to
determine the energy scales of the QCD spectral densities. The present predictions favor assigning
the Zc(4020) and Zc(4025) as the J
PC = 0++, 1+− or 2++ D∗D¯∗ molecular states, the Y (4140)
as the JPC = 0++ D∗sD
∗
s molecular state, the Zb(10650) as the J
PC = 1+− B∗B¯∗ molecular state,
and disfavor assigning the Y (3940) as the (JPC = 0++) molecular state. The present predictions
can be confronted with the experimental data in the futures at the BESIII, LHCb and Belle-II. The
pole residues can be taken as basic input parameters to study relevant processes of the JPC = 0++,
1+− and 2++ molecular states with the three-point QCD sum rules.
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